This paper presents an analysis of data generated by means of Large Eddy Simulation for a single-stream, isothermal Mach 0.9 jet. The acoustic field is decomposed in Fourier modes in the azimuthal direction, and filtered by means of a continuous wavelet transform in the temporal direction. This allows the identification of temporally localised, high-amplitude events in the radiated sound field for each of the azimuthal modes. Once these events have been localised, the flow field is analysed so as to determine their cause. Results show high-amplitude, intermittent sound radiation for azimuthal modes 0 and 1. The mode-0 radiation is found to be an indirect result of the transition from axisymmetric to antisymmetric organisation which occurs towards the end of the potential core: energy is transferred from the axisymmetric mode at a temporal scale corresponding to a frequency f 0 to the antisymmetric and higher order modes at a scale corresponding to f 0 /2. The result is a time-varying modulation of both the amplitude and spatial extent of the axisymmetric wavepacket; the strongest axisymmetric propagative disturbances are produced when the wave envelope is truncated. The observed behaviour is modelled using a line-source wave-packet ansatz which includes parameters that account for the said modulation. Inclusion of these parameters, which allow the wavepacket to 'jitter' in a manner similar to that observed, leads to good quantitative agreement, at low emission angles, with the acoustic field of the LES. This result shows that the said modulations are the salient source features for the low-angle sound emission of the jet considered.
Introduction
A number of experimental studies [1, 2, 3] have shown that jet noise, especially for low emission angles, is comprised of intermittent high-energy bursts. More recently, analysis [4] of the optimally controlled mixing layers of Wei and Freund [5] has revealed that the main change in the controlled flow amounted to the removal of a spatiotemporally localised event, comprising a triple vortex merger, which was particularly efficient in the production of a propagative disturbance. The sound production mechanism associated with this event can be understood in terms of the retardedpotential scenario by which classical acoustic problems can be understood, and which underpin all acoustic analogies. However, on account of the localised nature of the 'loud' event, it could not be identified through a consideration of the second-or fourth-order statistics, which have a tendency to 'smear' the local information, thus producing a misleading picture regarding the structure of the source and sound fields. This shows how such statistics may be ill-suited for an efficient description of this kind of intermittent source activity. From this, one can infer that modelling based on c 2010 Published by Elsevier Ltd.
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such statistics will also be poorly adapted; and this may explain why acoustic analogy modelling approaches struggle to provide reliable sound prediction when they are based on such statistics.
An interesting question which one can ask is: if the essential local flow characteristics associated with sound production are clearly identified, can simplified prediction methodologies be made more robust? Analysis of the Wei and Freund databases by three of the authors led to the development of some simple source models [6] , by means of which we have begun to address this question; these models are equipped with the parameters which study of the numerical data suggests are most important for sound production.
The present paper constitutes our next step in this work. We here study a subsonic jet, which we compute by means of Large Eddy Simulation: by means of an analysis methodology similar to that applied to the optimally-controlled two-dimensional mixing-layer data, we endeavour to identify the salient features of the flow structure where sound production is concerned. We decompose the radiated pressure field into azimuthal Fourier modes, and then analyse the temporal structure associated with each of the modes by means of the wavelet transform (this proved particularly useful in the study of both the low Reynolds number two-dimensional numerical data [4] and high Reynolds number experimental data [7] ). In this way we filter the pressure field so as to isolate the temporally localised high-amplitude events. Having identified these we then study the flow data, again aided by Fourier azimuthal decomposition and wavelet transforms, in order to discern the flow organisation which led to the high-amplitude emission.
Results show how strong axisymmetric radiation can be explained by the time-varying modulation of the intensity and axial extent of an axisymmetric wavepacket in the region upstream of the end of the potential core. The said modulation occurs on account of the transition from axisymmetry to antisymmetric and higher order modal organisation, and the temporal scale of the modulation is close to that of the antisymmetric mode. We construct a simple wavepacket line-source model which mimics this behaviour, and we show how the inclusion of space-time 'jitter' in the model leads to a quantitative estimate which is within 1.5dB of the LES computation at low angles.
Flow simulation
The numerical algorithm used for the Large Eddy Simulation is the same as that described in [8] . The conservative Naviers-Stokes equations are solved by a density-weighted standard Favre-filtered compressible LES formalism, with the macro-temperature closure described in [9] , and the Filtered Structure-Function subgrid-scale turbulence model proposed by [10] . Spatial derivatives are computed with a fourth-order-accurate finite scheme [11] for both the inviscid and viscous portion of the flux [12] . A second-order predictor-corrector scheme is used to advance the solution in time. In addition, block decomposition and MPI parallelisation are implemented. The three dimensionnal NavierStokes characteristic non-reflective boundary conditions (3D-NSCBC), developped by Lodato & al. [13] are applied at the boundaries of the computational domain to account for convective fluxes and pressure gradients across the boundary plane. In order to simulate anechoic boundary conditions, the mesh was stretched and a dissipative term is added to the equations, in the sponge zone, following [14] .
Numerical details
The computations were performed on an IBM power6 machine at "IDRIS" using 64 processors. The computational domain comprises 19 million grid points: 400 points in the streamwise direction, and 218 points in both the y and z directions. The extension of the computational domain is 40D × 30D × 30D (where D is the jet diameter). The sponge region is from x = 20D to x = 40D in the streamwise direction, and from ±10D to ±15D in the tranverse y and z directions. The minimum grid spacing in the y and z directions is Δ o = r o /25 and Δ xmin = 3Δ o in the streamwise direction. The axial mesh spacing is constant up to x = 20D, and then stretched at a rate of 2% to match Δ xmax = Δ ymax = Δ zmax = 0.8D at the end of the computational domain. The computations spanned 360000 time steps (Δt = 2.2 × 10 −7 s) which corresponds to a total run time of 180 hours.
Flow parameters
The simulation parameters correspond to those of Bogey and Bailly [15] : M j = 0.9 and Reynolds number Re = 4 × 10 5 , with T j /T ∞ = 1.The inflow axial velocity profile is given by a hyperbolic tangent profile as [16] : [17] . The forcing parameters correspond to those of the "LESmode" simulation of [18] .
Figure 1(a) shows instantaneous isosurfaces of the Q-criterion, coloured by the streamwise vorticity, in addition to the radiated pressure field. Mean and turbulent flow quantities, integral length scales, radiated OASPL and acoustic spectra have been validated against numerical and experimental data and good agreement found. They are not presented here as we wish to focus this paper on physical analysis.
Analysis of sound source mechanisms in isothermal flow
Motivated by the results of [4] we choose in this work to study the LES data using azimuthal Fourier decomposition and temporal wavelet transforms. The latter proved to be well suited to the identification of the aforesaid space-time localised source activity.
Azimuthal structure of sound field
Pressure data on a cylindrical surface at r = 9D from the jet axis is decomposed in a Fourier series for the azimuthal angle φ. Figure 1 (b) shows that modes 0, 1 and 2 are sufficient to represent the acoustic field with less than 2dB difference for all points. The directivity of the various modes are shown in figure 1(c): downstream radiation is very largely dominated by the axisymmetric mode, whereas in sideline directions modes 1 and 2 dominate.
Wavelet analysis of the sound field: intermittency
The continuous wavelet transformp
is used to analyse the temporal structure of the sound field at each point on the line-array and for each of the azimuthal modes. ψ(s, t − τ) is a family of wavelet functions, obtained by translation and dilatation of a mother wavelet function ψ(1, t). We use the Paul wavelet with m = 4
The motivation for using this complex valued wavelet is that it does a better job of producing a coherent signature in the scalogram over an integral scale which can be associated with single 'events'. This capability is due to the fact that both zero crossings and cusp-like peaks associated with high-amplitude events in the pressure signal are captured and lumped together such that they sign as a single event in the scalogram (see Koenig et al. [7] for a comprehensive evaluation of the behaviour of different kinds of wavelet).
Axisymmetric mode
Two scalograms of the pressure signature of the axisymmetric mode are shown in figure 2 . The x positions correspond to emission angles of 30
• and 70
• . Some temporally-localised energy concentrations can be seen, and these are especially strong for the pressure at 30
• . We will be interested in studying the flow behaviour which is responsible for these high-amplitude events. In order to isolate these bursts, we apply a filter in wavelet space so as to retain only the high-energy peaks. We define a threshold α and decimate the wavelet coefficient ensemble so as to produce a filtered pressure field:p
where σ 2 is the mean square value of the pressure in the time domain. The threshold ασ 2 has units of energy density in the wavelet domain. The integrated value of the energy density, in time and in scale, is equal to σ 2 . However, the distributions of the energy density in the scalogram may be very different. Thus, for a given value of the threshold α, more energy will be retained by the filtering for a peaky scalogram than for a flat one, and the relationship between the total filtered energy and the threshold is a quantitative measure of how 'peaky' the scalogram is. In this paper we apply a single threshold value; a more detailed study of the effect varying this threshold can be found in Koenig et al. [7] .
The filtered pressure in the time domain is obtained by application of the inverse wavelet transform:
This operation is performed independently for each position x. The original and filtered pressures with α = 0.00015 are shown in figure 3 . This threshold value was used for all of the filtering operations reported in this paper. Both the unfiltered and filtered pressure signatures show similar phase velocity, indicating that the main sound radiation originates somewhere between 5 and 7 diameters downstream of the exit plane, i.e. just downstream of the end of the potential core; however, it is worth noting that refraction of sound waves by the mean-flow will deform wavefronts such that this 'origin' appears further downstream than it actually is. As both filtered and unfiltered fields manifest the same phase speed, we can infer that the turbulent structures in the vicinity of the end of the potential core have a somewhat regular character interspersed with localised high-energy events. These results are consistent with the literature [1, 2, 3] .
Wavelet analysis of the flow field
The same filtering operation is now applied within the confines of the turbulent field. The transverse velocity components, v and w, show intermittent peaks downstream of the potential core which are similar to those detected in the acoustic field. Figure 4 shows the results for the wavelet filter applied to the v velocity component; to evaluate the Two filtered events in the acoustic field can be observed for mode 0, shown in figure 4(c). One of these correlates well with the flow events identified around x = 6D, shown in figure 4(b) . Results similar to those obtained using the centerline transverse velocity are found for the axisymmetric mode of the v transverse velocity on the jet lipline, with bursts at the same instants as observed for the v velocity on the centerline. We infer that the event near the end of the potential core that generates the bursts in the acoustic field is associated with high-amplitude oscillations of the transverse velocity: a 'flapping' of the jet.
A model for the axisymmetric pressure burst
The burst in the v velocity can be interpreted as the signature of an anti-symmetric flow event. Further evidence of this is manifest when we look at the azimuthal decomposition of the near pressure field (which comprises the hydrodynamic footprint of coherent turbulent structures [19] ); this is shown in figures 5(a) and (b) for a cylindrical surface with r/D = 1. The space-time signature of the first two azimuthal modes of the near-field pressure are plotted. The axisymmetric mode shows a clear wave-packet structure, with oscillations whose time scale is nearly constant, and whose amplitude undergoes modulation in both space and time. This kind of modulation is similar to that modelled by Lele [20] and Cavalieri et al. [6] . For azimuthal mode 1 such an organised wavepacket structure is not so clear. Focusing on the first 10 time units we see how the spatial amplitude modulation of the axisymmetric mode undergoes a sudden reduction in axial extent (this occurs at at tc o /D = 7). At approximately the same time The axial variations of azimuthal mode 0 at three instants leading up to the abrupt attenuation are shown in figure 5(c). We see how the signatures can be divided into a smooth wave-packet zone (envelopes indicated by the thick coloured lines), and a more disturbed downstream zone. At tc 0 /D = 2 the smooth wavepacket zone extends to x/D = 6, whereas at tc 0 /D = 8 the wave-packet form has been truncated to x/D = 5, and the instantaneous amplitude envelope has a very steep slope.
In figure 6 we get a better sense of the global fluid motion over the duration of this sound-producing event. The cross-section is taken in a plane which is aligned with the direction (identified from the real and imaginary parts of the mode 1) of the anti-symmetric motion of the flow. Before the portrayed times the flow organisation does not present a marked axisymmetry. This implies low levels in the axisymmetric component of the hydrodynamic pressure field. The sub-figure on the left shows the flow organisation (as discerned by its hydrodynamic pressure footprint) where there is a strong increase in the axisymmetric component, but the inclination of the structures just downstream of the axisymmetric wave-packet (indicated with a green line) means that it is abruptly truncated. It is at approximately this instant that the first axisymmetric, negative pressure pulse, identified in figure 3 and shown in figure 6 with a red line, begins to propagate. At tc o /D = 9.514 the organised axisymmetric wavepacket observed at tc o /D = 8.576 has convected downstream, and has maintained its axisymmetry: we now have a strong axisymmetric pressure wavepacket, but with an extended envelope. The evolution to tc o /D = 12.596 comprises a second, abrupt, truncation of the axisymmetric wavepacket, again on account of the tilting of these structures in the vicinity of the end of the potential core. The second axisymmetric, negative, pressure pulse is released at approximately this instant. Following this a new extension of the wave-packet envelope is observed for tc o /D = 16.482.
These observations indicate that the flow drifts in and out of axially-coherent axisymmetry. The axisymmetric component of the flow thus experiences spatiotemporal fluctuations in both its amplitude and the axial extension of its envelope. Furthermore, the temporal scale of this modulation corresponds, for the event studied, to a Strouhal number of 0.17. We recall that linear stability theory (Michalke [21] ) predicts the antisymmetric mode to be more unstable than the axisymmetric mode in this region of the flow, and at a Strouhal of about this value. It thus appears that the mode ( f = f 0 , m = 0) (where f denotes frequency and m azimuthal mode number) is modulated by the time-variations of mode ( f 0 /2, 1): as energy is transferred from ( f 0 , 0) to ( f 0 /2, 1) a modulation with space-time structure ( f 0 /2, 0) is observed: i.e. time variations of the axisymmetric wavepacket envelope. The truncation [22, 23] and temporal modulation [24, 20, 6] of wavepackets is known to lead to an enhancement of their sound radiation efficiency. The latter papers both show that at high Mach number the effect of temporal modulation can be important. However, the radiation of a wavepacket characterised by a base-structure of type ( f 0 , 0), the spatial envelope length and intensity Figure 6 : Pressure at the x-y plan of the jet of which are modulated with frequency ( f 0 /2, 0), has not, to the best of our knowledge, been studied. In terms of a phenomenological description of the underlying turbulent mechanisms, it is not clear how these particular modal exchanges occur (i.e. how modes ( f 0 , 0) and ( f 0 /2, 1) combine to give ( f 0 /2, 0)). A more involved analysis of the underlying dynamics is underway.
These observations are in agreement with a number of other experimental and numerical studies. Kastner et al. [25] , for example, show, for a lower Reynolds number jet computed by DNS, that intermittent bursts radiated to low polar angles are associated with the breakdown of an instability wave near the end of the potential core of a Mach 0.9 jet. Hileman et al. [3] , show, in an experimental study, that intermittent noise generating events are related to the large-scale entrainment of ambient fluid by coherent structures toward the center of the jet, and to a consequent shortening of the potential core. Such behaviour may arise on account of the radial displacement of vortex rings which will draw ambient fluid inwards toward the potential core region of the flow, and lead to the truncation of the axisymmetric wave-packet.
Quantitative evaluation of the wave-packet radiation
The analysis of the previous section is based on a wave-packet model for the source. In order to determine if this hypothesis is consistent with both the turbulent and the acoustic fields of the present jet, we have fitted an averaged axisymmetric wave-packet to the jet data to check if with this very simplified model we are able to get radiation levels close to those of the LES.
We use a modified version of Crow's model [22, 23] , which is based on a convected wave for the axial velocity, with spatial modulation given by a Gaussian function. We add to this model temporal changes of modulation: the frequency and wavenumber of the convected wave remain constant, but the parameters of the Gaussian envelope change in time. The source term is concentrated on a line, and has only the T 11 component of Lighthill's stress tensor:
where the wavenumber k for the convected wave is given by ω/(M c c 0 ), being M c the Mach number of the convected wave. Solving Lighthill's equation for the pressure,
with a far field assumption, and considering that changes in the amplitudeũ and the width L are slow compared to the oscillation in ω, leads to an analytical expression for the radiation of the wave-packet:
By replacingũ and L with their time-averaged values the above expression gives the sound pressure radiated by a wavepacket with no such modulation. We will compare the two in order to assess the impact of the wavepacket 'jitter'.
Eq. (8) shows that the temporally localised truncation of the wave-packet structure, observed in section 3.4, can lead to high amplitude radiation to the farfield: a reduction in L will be result in a significant increase of the first exponential term.
As the full jet data was not available at the time of writing, it was not possible to obtain radially-averaged envelope parameters to use in our model; thus, an exact prediction of the intermittent acoustic pulses is not expected. We thus used data taken from a cylindrical surface with r = D/2 to furnish our model. Streamwise velocity data for the axisymmetric mode is used to obtain the parameters of the wavepacket. We proceed as follows:
• The frequency ω is chosen as the peak frequency for the axial velocity at x = 3.5D, i.e. the position of saturation of the wave-packet, as seen in figure 5(a) . For the present jet, this corresponds to a Strouhal number of 0.4 2 .
• The convection Mach number M c is taken as the lipline value (0.543M j ); to determine it we use the peak in a ω − k x spectrum for the axisymmetric component of the streamwise velocity.
• The envelope length L(τ) and the amplitudeũ(τ) are obtained by Gaussian fits to the axisymmetric component of the axial velocity on the jet lipline at each instant. In order to do this, we first filter the velocity field, retaining only a range of frequencies from St = 0.3 to St = 0.5. We then use two approaches to determine an instantaneous wave-packet envelope: we do either a Hilbert transform in time, which is known to give the modulation of a harmonic oscillation if the this modulation is bandwidth limited [26] , or we use a short-time Fourier series, similar to that described by Tadmor et al [27] : the temporal dependence of velocity at a position x is supposed as a harmonic oscillation at ω, but with amplitudes that change slowly in time:
The coefficients A and B are obtained with a short-time Fourier series:
u(x, t + τ) sin(ωτ)dτ (11) and the instantaneous amplitude of the oscillations is given as A(x, t) 2 + B(x, t) 2 . The moving window width T is taken as the period of oscillation. We then calculate instantaneous lengths and amplitudes using the Gaussian fits for each instantaneous envelope. Some sample fits for the Hilbert transform envelope are shown in figure 7 .
We compare the results of this model to the SPL of the azimuthal mode 0 for the LES, taking a frequency range from St = 0.3 to St = 0.5. Two calculations are performed, one for an "average wave-packet", whose amplitudeũ and width L are constant and equal to the ensemble average values of the fitted Gaussians, and another for the "instantaneous wave-packet", whereũ and L change in time following the instantaneous fits to both the Hilbert transform (9) of the data and to equation (9); sample fits for the Hilbert transform are shown in figure 7 ). The calculated noise levels are shown in figure 8 . We show, for the instantaneous wave-packet, two different calculations: an analytical one, which is the direct application of eq. (8), and a numerical calculation of the integral of eq. (7), without the far field assumption, since the domain boundary for the LES is not in the geometrical far acoustic field. The differences between the analytical and numerical calculations are small.
Although highly simplified, the proposed model of an 'jittering' wave-packet leads to results which are within 1.5dB of the LES for low axial angles. This agreement indicates that the proposed ansatz for the source comprises the salient features for low-angle sound production. Note that the SPL values of figure 8 are close to the OASPL values for mode 0 for low axial angles (figure 1), since the analysed frequency range of 0.3 ≤ St ≤ 0.5 contains the peak levels at low axial angles for this jet, and thus dominates the overall level.
The "average wave-packet" results are not so good, and this reflects the sensitivity of the sound radiation to temporal changes in the wave-packet envelope, again showing these to comprise important source parameters. This can be seen in the dependence of acoustic pressure on the envelope width L(τ), which is inside an exponential function in eq. (8) . The radiation is thus non-linear with respect to the envelope width, and the average value of L(τ) does not give an average amplitude in the acoustic field.
Conclusion
An analysis of data from a Large Eddy Simulation is presented where temporal wavelet transforms are used, following a Fourier azimuthal decomposition, to filter each of the azimuthal modes of the sound field radiated by a subsonic jet. The filtered fields are then studied with respect to the flow, which is also filtered using a wavelet decomposition. The results show the wavelet decomposition to be a useful tool for post-processing of data from such simulations, in so far as they can successfully isolate spatiotemporally localised events which are important for the production of sound, and which tend to be missed by more standard second order analysis techniques.
The analysis reported in this paper shows how high-amplitude axisymmetric signatures observed in the acoustic field at low emission angles can be associated with the spatiotemporal modulation of the amplitude and axial extent of axisymmetric wavepackets in the flow. This modulation appears to be correlated with the antisymmetric and higher order modes: energy is transferred from the axisymmetric to the antisymmetric and higher order modes, at timescales which are characteristic of the latter, leading to a corresponding modulation of the axisymmetric wavepacket envelope. Quantitative agreement between the sound radiation computed by the LES and that computed using a wavepacket model which comprises space-time 'jitter' such as observed in the data reinforces the proposed arguments. The 'ansatz' is thus shown to comprise the salient source features where low-angle sound radiation is concerned.
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